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Abstract 

Let p be an even positive integer and U p (Ti) be the Banach-Lie group of unitary operators u which 
verify that u — 1 belongs to the p-Schatten ideal B p (Ti). Let O be a smooth manifold on which 
Up (TL) acts transitively and smoothly. Then one can endow O with a natural Finsler metric in terms 
of the p-Schatten norm and the action of U P (TL). Our main result establishes that for any pair of 
given initial conditions 

x G O and X G (TO) x 

there exists a curve 5(t) = e' z ■ x in O, with z a skew-hermitian element in the p-Schatten class such 
that 

5(0) = x and 5(0) = X, 

which remains minimal as long as < 7r/4. Moreover, 5 is unique with these properties. We also 

show that the metric space (O, d) (d — rectifiable distance) is complete. In the process we establish 
minimality results in the groups U P (TL), and a convexity property for the rectifiable distance. As an 
example of these spaces, we treat the case of the unitary orbit 

O = {uAu : u G U P (H)} 

of a self-adjoint operator A G B(Tt). 



1 Introduction 



Let TL be an infinite dimensional Hilbert space and B(7i) be the space of bounded linear 
operators acting in 7i. Denote by B p (Tt) the p-Schatten class 

B P {H) = {ae B(H) : Tr((a*a) p / 2 ) < oo}. 

where Tr is the usual trace in B(Tl). In this paper we shall focus on the case when p is an 
even integer. The spaces B P (TL) are Banach spaces with the norms 

\\a\\ p = Tr((a*ayl 2 ylv. 

We use the subscript h (resp. ah) to denote the sets of hermitian (resp. skew-hermitian) 
operators, e.g. B p (H)h = {x € B P (TL) : x* = —x}. Throughout this paper, || || denotes the 
usual operator norm. Denote by Ql{H) the linear group and by M(H) the unitary group of 
7i. Consider the following classical Banach-Lie groups groups of operators [T2] : 

Gl p (H) = {ge Gl(H) :g-l£ B P {H)}, 

and 

U P [H) = {ue U(H) : u - 1 G B P {H)}, 
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where 1 G B(TL) denotes the identity operator. These groups have differentiable structure 
when endowed with the metric \\g\ — 32 Hp (note that 31 — 32 € B P (H)). For instance, the 
Banach-Lie algebra of U P (TL) is the (real) Banach space B p (H) a h- 

Let O be a topological space on which U p (7i) acts transitively, such that for any element 
x G 0, the subgroup = {u G U P (H) : u ■ x = x} is & closed submanifold of U P (H). This 
implies that can be endowed with a differentiable manifold structure, in a way such that 
the map 

n = tt x : U P (H) — > 0, 7r x (ii) = u • x 

is a smooth submersion. In other words, ~ U P {H)/G X is a smooth homogeneous space of 
the group U p (H). The main object of this paper is the geometric study of this space, under 
reasonably general conditions, which are specified below. We introduce a Finsler metric 
{|| ||a; : x G O} in O, (a Riemannian metric if p = 2) induced by the p norm in B P (H) and 
by the action. We focus on the existence of metric geodesies, i.e. curves of minimal length. 
Our approach is to study the metric geometry of the group U p (Ti.) in order to obtain results 
in O. In the process we find properties in U p (Ti.) which we claim are interesting in their own 
right. For instance: 

1. The one-parameter unitary groups e tz S U P (H) (z G B p (Ti) a h), regarded as curves 
of unitaries, have minimal length in the p-norm, as long as t\\z\\ < 7r (note that this 
condition is given in terms of the usual norm ||z|| of z, a fact that implies that there 
are arbitrarily long minimal curves in U P (H)). 

2. The map f p (t) — d p (tio, e tz ) p , where d p is the rectifiable metric induced by the p-norm, 
and wo is a fixed element in U p (Tl), is a strictly convex function, provided that uq and 
the endpoints of the curve lie at distance not greater than 7r/4. 

Denote by Q x the Banach-Lie algebra of G x . We shall make the assumption that G x is locally 
exponential: since any element u G U P {TL) is of the form u = e z for some z G B P (H), we 
ask that for any element v G G x close to 1 G G x , there exists an element z € Gx such that 
v = e z . Apparently, if this holds for a given xo G O, then it holds for any x £ O (since the 
groups G x and G Xo are conjugate by an inner automorphism). 
Using these facts we prove our main results on O: 

1. If x G O and X G (TO) Xl then there exists a unique curve j(t) — e tz ■ x with 7(0) = x 
and 7(0) = X, which has minimal length in O as long as < 7r/4. 

2. The metric space (0,d) is complete, where d is the rectifiable metric induced by the 
Finsler metric in O. 

There are many examples of this situation. For instance, if A G B(TL) is a self-adjoint 
operator, its unitary orbit O a = {uAu* : u G U P (H)} is a homogeneous space, the group 
Ga consists of the elements of U P (TL) which commute with A. Ga is a Banach-Lie subgroup 
of U p (Tt) since it is an algebraic subgroup (cf. Theorem 4.13 in [S]), and its Lie algebra is 
given by 

Ga = {x G B p (H) ah ■■ xA -Ax = 0}. 

Unitary orbits of operators have been studied before from a geometric point of view in 
[31 IH [H El |TU1 [TH1 HI]- In this particular framework, restricting the action to these classical 
groups Up (H) , certain results can be found in [HJ [H [TC] . 

Let us briefly describe the contents of the paper. In Section 2 we introduce the Finsler 
metric which is Riemannian if p = 2. In Section 3 we examine the metric structure of the 
group U p {TL) endowed with the Finsler metric given by the p-norm. We recall certain known 
facts, and prove results which we believe are new, among them the two results described 
above. In Section 4 we show the consequence of these facts on the homogeneous space O: 
existence and uniqueness of short curves with given initial data. In Section 5 we prove that 
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the metric spaces O are complete. Section 6 is devoted to the example Oa, p = 2, giving 
a characterization of the case when Oa is a smooth submanifold of the afhnc Hilbert space 
A + B2(Ti.)h- In Section 7 we state what we believe is the main open problem in this setting, 
namely the existence of minimal curves joining given endpoints in O, and prove a partial 
positive result. 

2 Linear connections and metrics 

Let us first consider the case p = 2. One can induce a metric in (the tangent spaces of) O 
by means of the decomposition 

B 2 (n) ah = g x e t s , 

where T x is the Tr-orthogonal complement of Q x . Apparently, T x is invariant by the inner 
action of G x . Therefore this decomposition defines what in classical geometry of homogeneous 
spaces [12] is called a Reductive Structure. 
The kernel of d(n x )i is G x , therefore 

S x := d{n x )i\j: x : T x -> (TO) x 

is a linear isomorphism. Denote by k x its inverse, and by P x the Tr-orthogonal projection 

P x : B 2 {H) ah - T x C B 2 {H) ah , 

We endow (TO) x with the following inner product 

< V,W> x =Tr(K x (W)*K x (V)) = -Tr(K x (W) Kx (V)), V,W e {TO) x . (1) 

Clearly the distribution x ^< , > x is smooth, in the sense that that if V, W are tangent 
fields in C, then the map O 3 x t—>< V X ,W X > x is smooth, and therefore {1} defines a 
Riemann-Hilbert metric in O. 

The Levi-Civita connection of this metric can be computed. In the paper |17j two natural 
linear connections for a homogeneous reductive space were introduced. The first, which is 
called the reductive connection V r , is the analogous to the connection that one obtains for 
a reductive manifold in finite dimensions. It can be described as follows. If V is a tangent 
field and W is a tangent vector (at x) in O, then 

K x (V r w V(x)) = k x (W)(k x (V x )) + [k x (V x ),k x (W)], 

where [ , ] is the commutator of operators in B(TL), and a(b) denotes the the derivative of b 
in the direction of a. 

A straightforward computation shows that since the maps k are isometric, the reductive 
connection is compatible with the metric defined. 

The second natural connection for a reductive space is the classifying connection V c . Sup- 
pose V, W are as above, then 

V c v {W){x) = S x P x (k x (V)[k x (W)] x ) 

These two connections share the same geodesies, which are described below, and have torsion 
tensors with opposite signs. It follows that the connection 

V = i(V + V c ) 

has zero torsion, and the same geodesies. We claim that this connection V is the Levi-Civita 
connection of the metric |T]) introduced above, in the sense that it is symmetric (torsion free) 
and compatible with the metric. To prove this claim, it only remains to show that V c is 
compatible with the metric. 
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Lemma 2.1. The classifying connection V c is compatible with the metric < , > x in O. 
Proof. Let V(t), W(t) be two tangent fields along the curve v{t) in O. Then 

< W >„= -Tr(Ku(W)Ku{^)) = -Tr{K v {W)P v {n u {V))). 

Note that since K V (W) G R{P V ), Tr{K v {W)P v (K v {V))) = Tr(n v (W)K v (V)). Analogously 

D C W 

< V, > v = -Tr{n v {W)K v {V)). 

Then 

D C V D C W 
<—,W> u + < v,—£-> v = -Tr( Kv {W) Kv (V))-Tr( Kv (W)K u (V)) 

= ^-<V,W> U . 
at 

□ 

The geodesies of these connections are computed explicitly in [T7] . For instance, the geodesic 
7 with 7(0) = x and 7(0) = V is given by 

7 (t) = e K * [v) -x, t G R. 

In other words, geodesies of O are of the form e tz ■ x, for z G T x . 

The following linear differential equation is usually called the horizontal lifting equation of 
the reductive structure: 

f = K 7 ( 7 )r , , 

r(o) - 1. [ > 

It is a linear differential equation in Bi^hC). In order to assure the existence and uniqueness 
of solutions, one must check that the mapping 

[0 1 l]9iH/i y(t) (7(f))6&(«U 
is smooth. This is clear if 7 is smooth. 

Therefore the equation @ has, for a given 7, a unique solution. One can prove, as in classical 
homogeneous reductive spaces [35], the following result. 

Proposition 2.2. Let j(t), t € [0,1] be a smooth curve in O. Then the unique solution T 
of verifies 

1. r(t) S U 2 (H), te [0,1]. 

2. r lifts 7: 7r 7 (r) = 7. 

3. r is horizontal: Y*T G T^. 

It will be useful to take a brief look at the natural Riemannian geometry of the group Uii^K). 
Namely, the metric given by considering the trace inner product, and therefore, the 2-norm 
at each tangent space. The tangent spaces of U2CH) are 

(TU 2 (H)) U = uB 2 {H) ah = B 2 {H) ah u. 

The covariant derivative consists of differentiating in the ambient space, and projecting 
(orthogonally with respect to the real part of the trace) onto T{7 2 (7<). Geodesies of the 
Levi-Civita connection are curves of the form 

fi(t) = ue tx , 
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for u £ U2(H) and x £ B^(0) a h- The exponential mapping of this connection is the map 

exp : B 2 (0) ah -» U 2 (0), exp(x) = e x . 

In the general case p > 2, one can endow the homogeneous space O with a Finsler metric, 
derived from the p-norm and the group action. Following ideas in , we shall not consider 
a linear connection in this case, and focus only on characterizing short curves (or metric 
geodesies), which are not the geodesies of any linear connection. First let us introduce some 
notation. The action of U p (0) on O induces two kind of maps. If one fixes x £ O, one has 
the submersion 

tt x : U p (0) — ► O, ir x (u)=u-x, u£U p (0). 
If one fixes u £ U p (0) one has the diffeomorphism 

£ u :0^0, £ u (x)=u-x, x£0. 
If x £ O and X £ (TO) x , put 

\\X\\ X = mi{\\z\\ p : z £ B p (0) ah , (d-K x ) x (z) = X}. 

This metric could be called the quotient metric of O, because it is the quotient metric in 
the Banach space (TO) x if one identifies it with B p (0)/Q x . Indeed, since Q x = ker(d7r x )i, if 
z £ B p (0)ah with (dn x )i(z) = X, then 

\\X\\ x = M{\\z-y\\ p :y£g x }. 

Note that if p = 2, this metric coincides with the previously defined Riemannian metric. 
Indeed, if Q. x = 1 — P x is the orthogonal projection onto Q x , then each z £ B 2 (0) a h can be 
uniquely decomposed as 

z = z - Q x (z) + Q x (z) = z Q + Q x (z), 

hence 

Ik - 2/111 = No + Q x (z) — 2/||l = \\zoWl + \\Q x (z) - y\\l > \\z \\ 2 2 
for any y £ Q 2 , x , which shows that 

||X|| x = inf{||z-y|| 2 :yeG x } = \\z \\ 2 , 
where z is the unique vector in Q^r such that (d-K x )\ (zq) = X. 

One of the main features of this metric in O is that it is invariant by the group action (or in 
other words, that the group acts isometrically on the tangent spaces): if x £ O, X £ T x O 
and u £ U p (0), 

\\(e u )* x (x)\\ u . x = \\X\\ X . 

Indeed, ir u . x — ir x o R Ul where R denotes the right product in U p (0). Then (tt u . x )*i — 
(ftx)*u Ru- On the other hand, ir x = i u o tt x o L u * , where L u * denotes the left product, so 
(k x )* u — (£u)*x (n x )*i Lw- Then 

(7r„. x )*i = (i u )*x (tt x )*i o Ad u *. 

Hence X — (ir x )*i(z) if and only if (ir u . x )* \(uzu*) — (l u )* X (X). Since the p-norms are 
unitarily invariant, 

\\(eu)*x(x)\\ u . x = \\x\\ x . 

Throughout, L denotes the length functional for piecewise smooth curves in O, measured 
with the quotient norm introduced above, 

L(l)= I' \\i(t)h(t)dt 

and d the rectifiable distance in O: 

d(xi,x 2 ) = inf{L(7) : 7 C U p (0) joins X\ and x 2 }. 
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3 Metric structure of U p (7i) 

In this section we recall and complete certain facts from [I], concerning the minimality of 
geodesies in U P (H). Afterwards we establish local convexity results for the geodesic distance. 
These results will be the key to obtain minimality results in O. Proofs for these statements 
for the case p = 2 can be found in pQ . 

Throughout this paper, L p denotes the length functional for piecewise smooth curves in 
U P (H), measured with the p-norm: 

L p (a)= f \\a{t)\\ p dt 



J t 

and dp the rectifiable distance in U P {TL): 

d p (ui,U2) — inf{L p (7) : 7 C U P {TL) joins u\ and ^2}- 
Remark 3.1. 1. The exponential map 

exp : B p (H)ah -> U P {H) 

is surjective. 

2. The exponential map is a bijection between the sets 

B p {H) ah D {z S B p (H) ah : \\z\\ < tt} -> {u e U P (H) : ||1 - u|| < 2}. 

3. Moreover, 

exp : {z e B p (H) ah : ||z|| < tt} C/ p (W), 

is surjective. 

These facts can be obtained from the following observation. If u £ U P (TL), then it has a 
spectral decomposition u = po + Sfc>i(l + a k)Pk, where aj, are the non zero eigenvalues of 
u — 1 € B P (H). There exist 6 R with |tfc| < 7r such that e rffc = 1 + a^. The elementary 
estimate 

\tk\ p a-^) p/2 <\e ltk -l\ p =\a k \ p 

implies that the element z = X)fc>i ttkPk, whose exponential is u, lies in B p {TL) a h- 

The following result states that the one parameter groups of unitaries in Up{TL) have minimal 
length up to a certain critical value of t. This could be derived from the general theory of 
Hilbert-Riemann manifolds for the case p = 2. In any case, the proof, which is essentially 
contained in pQ, is operator theoretic, and provides a uniform lower bound for the geodesic 
radius. 

Theorem 3.2. The following {acts hold. 

1. Let u € Up(7i) and x 6 B p {TL) a h with \\x\\ < n. Then the curve ji(t) — ue tx , t € [0, 1] 
is shorter than any other piecewise smooth curve in U P {TL) joining the same endpoints. 
Moreover, if \\x\\ < tt, /1 is unique with this property. 

2. Let uq,ui G U P {TL). Then there exists a minimal geodesic curve joining them. If 
||uo — tii |1 < 2, this geodesic is unique. 

3. There are in U P {TL) minimal geodesies of arbitrary length. Thus the diameter ofU p (H) 
is infinite. 
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4- Ifu,v£ U P (H) then 



I ^2" 

V 1 ~ 12 dp ^ u,v ^ - \\ u ~ v Wp - d p( u ' v )- 

In particular the metric space (U p (7i),d p ) is complete. 

Proof. Concerning the first statement, in pQ the following was proved. If u G U^^ri) and 
x G B2(l~C)ah with ||a;|| < n, then the curve /z(t) = ue tx is minimal for t G [0,1], when the 
length is measured with the p-norm. Clearly it suffices to treat the case u = 1. Suppose that 
there exists a curve j(t) G U P (H) with L p (p/) < L p (ji) + e. One can approximate x with a 
skew-hermitian operator z of finite spectrum with the following properties: 

1- Ml < INI < 7T- 

2. ||<c|| p -e/2< < \\x\\ p . 

3. There exists a C°° curve of unitaries joining e x and e z , of p-length less than e/2. 

The first two conditions are clear. The third can be obtained as follows. Put e~ x e z = e v , 
with y G B p {TL) a h- The element z can be adjusted so as to obtain y of arbitrarily small 
p-norm. Then the curve of unitaries v(t) = e x e ty is C°°, joins e x and e z with p-length 

blip < e/2. 

Consider now the curve 71, which is the curve 7 followed by the curve e x e ty above. Then 
clearly 

L P hi) < L p ( 7 ) + \\y\\ p < L p ( 7 ) + e/2. 

Note that L p (-fi) < \\x\\ p — e/2 and that 71 joins 1 and e z . We claim that there exists a curve 
72 in U2CH), also joining 1 and e z , with length ^(72) < £ P (7i) + e/4. Indeed, the curve 71 
is of the form 71 (t) = e Q C) for a continuous piecewise C 1 path a G B p (H) a h with endpoints 
and z. By compactness of the unit interval, one can uniformly approximate a by a curve 
(3 with the same endpoints, lying in £>2(7i) a h, in order that 72(f) = e 13 ^ verifies our claim. 
These facts imply that the curve 72 in U^^H) which joins 1 and e z , is shorter than the curve 
e tz (which lies in [^(W) because the spectrum of z is finite). This contradicts the minimality 
statement in U2CH) proved in pQ. 

Let us prove that if ||a;|| < n, then fi is unique with the minimality property. To do this 
we shall follow a standard procedure, using the first variation formula for the functional F p 
which is given by 

Jo 

if 7(t) G U P {H), te [0,1]. 

Let 7 S (t), t £ [0,1], s E (— r, r) be a smooth variation of the curve 7, i.e. 

1. 7» (t) G U P (H), for all s,t. 

2. The map (s,t) 1— > 7 s (t) is smooth. 

3. 7o (t) = 7 (t). 

We shall use a formula for 

— i^(7 s )U=o- 

obtained in [2] in the context of a C*-algebra with trace, which applies here because the 
formal computations are the same (they only involve partial derivatives and integration by 
parts). As in classical differential geometry, we shall call the expression obtained the first 
variation formula. Let ^ 

V s = —7s and W s = — 7,. 
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With lower case types we denote the left translations 



v s = j*V s and w s = 7 *W S . 

Note that V S ,W S £ (TU p (H)) ls whereas v s ,w s £ B p (H) a h- 
Then 

? ' d -F p ( 7s ) = Tr(vr 1 w s )\$zl- f Trd[v^ l ]w s )dt. 



p ds PKia/ " s a ' n = v Jo K dt l 

Suppose that j(t) £ U P (H) is a smooth minimal curve, and let J s (t) be a variation, with fixed 
endpoints 7 (0) and 7 (1), i.e. 7s (0) = 7 (0) and 7s (l) = 7 (1) for all s. Then £ F p ( 7s )| s=0 = 0, 
and thus 

= Triv^wo)^ - £ Triwo^K^dt. 
The fixed endpoints hypothesis implies that the first term vanishes. Then 

1 Tr{w j t {vl- 1 ))d = Q 

for any variation 7s with fixed endpoints. Let us denote by Z{t) = ^(^q" 1 ) and by A(t) = 
Wo(t). Both A and Z are continuous fields, A in B p (TL) a h and Z in B q (H) a h, where 1/p+l/q = 
1. The variation formula implies that 

l 

Tr(A(t)Z(t))dt = 

for any continuous field A in B p (H) a h such that A(0) = A(l) = 0. We claim that this 
condition implies that Z(t) = for all t. 

First note that the requirement that the field A vanishes at and 1 can be removed: let f r (i) 
be a real function which is constant and equal to 1 in the interval [r, 1 — r] and such that 
/(0) = /(l) = 0, with < f r (t) < 1 for all t. Let B{t) be any continuous field in B p (H) a h 
and consider A r (t) = f r (t)B(t). Then ^ A r (t)Z(t)dt = 0, and if r 0, / X B{t)Z{t)dt = 0. 
Also it is clear that the integral will vanish if A is non skew-hermitian. Indeed, it is clear if A 
is hermitian, and for general A, decompose A as the sum of its hermitian and skew-hermitian 
parts. 

Fix to in the interval [0,1]. Let Z(to) = u\Z(to)\ be the polar decomposition, and consider 
x = |Z(i )| 9_1 u* € B P (H). Consider the field A(t) = xg{t) in B P (H), with g a convenient 
smooth support function. Then 

0= / Tr(xZ(t))dt > c||Z(t )|||. 
Jo 

Then i^ -1 is constant, and since p is even and vo is skew-hermitian, vo(t) = ~f(t)* ^ 7 (i) is 
constant, i.e. 7 (i) = e tx for some x £ B p (H) a h- 

Fact 2. was proved in [T], the (algebraic) argument for p > 2 is the same as for p = 2. 
Fact 3. was proved in pQ. 

Fact 4. follows from the elementary estimate in the remark above. □ 

Let us establish further facts on the metric structure of the group U p (7i). 

Lemma 3.3. Let a,b £ B P (H), let exp : B p (Ti) — > 1 + B P (H) be exp(ir) = e x , and ada : 
B P {TL) — > B p (Ti) the operator ad ax = xa — ax. Then 

l 

dexp a (6) = J e {1 ~ t)a be ta dt = e a F{ada)b = F{ada){e a b), 



8 



where F(z) = = J2 n >o (»+i)! ■ The differential is invertible at a if and only if a (ad a) fl 
{2kni} = (k G ^jto), and then 

dexp~ 1 (w) = e~ a F(ada)~ 1 w. 

In particular if \\a\\ < tt then dexp a is invertible. If a £ B p (H) a h, then the differential is a 
contraction: 

||dex Po (6)|| p < ||6|| p . 
Proof. Compute lim e + s " e , applied to the identity 



e a+b - e 



1 

a = J e (l-t)a be t(a+b) ^ 



which is elementary and can be proven integrating by parts the functions f(t) = e^ 1 *' a and 
g(t) = e t{a +^ in [0,1]. To prove the second equality, write 

e - ta be ta = e t ( R "- La) (b), 

where L a (x) = ax and R a (x) = xa denote left and right multiplication by a. Then 

f e *(*.-i.) dt = V - f 1 t n dt(R a - L a ) n = V T^—r-ARa - L a ) n = F(ada). 

If ||a|| < tt, then ||ada| < 2ir hence cr(ada) C B(0, 2ir) so the spectrum of ada does not 
intersect the zero set of F. The last assertion is due to the fact that, when a is skew-hermitian, 
then e a is a unitary element, hence 



|dcx Pa (6)|| p < C \\e^ a be ta \\ p dt 
Jo 



Up- 

□ 



The following elementary lemma will simplify the proof of the next theorem. 

Lemma 3.4. Let C, e > 0, let f(—e, 1 + e) — > R be a non constant real analytic function 
such that f'(s) 2 < Cf"(s) for any s G [0, 1]. Then f is strictly convex in (0, 1). 

Proof. By the mean value theorem, the condition on / implies that for each pair of roots of 
/', there is another root of /' in between. Since / is analytic and non-constant, the set of 
roots of /' is an empty set or has one point a € (— e, 1 + e). If this set of roots does not 
intersect (0,1), then /" > there and we are done. We assume then that there exists a 
in (0, 1) such that f'(a) = 0. Note that -f'(x) = f'(a) - f'(x) = J" f"(s)ds > for any 
x e (-£, a] and f(y) = f'(y) - f p (a) = \ v a f"(s)ds > for any y e [a, 1 + e), hence /' is 
strictly negative in (— e, a) and strictly positive in (a, 1 + e), so / is strictly convex in each 
interval. If f(a) < [/(l) — f(0)]a + /(0), we are done. If not, by the mean value theorem 
there exists x € (0, a), y € (a, 1) such that 

/(i) - /(o) = l^tJE. = m < o 

a 

and 

/(i)-/(o) = /(1) ~ /(a) =/^)>o, 

i — a 

a contradiction. □ 
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Remark 3.5. The Hessian of the p-norms was studied in [H[TH]. We recall a few facts we 
will use in the proof of the next theorem. Let a, b, c € B p (H) a h, let H a : B p (H) a h —* K stand 
for the symmetric bilinear form given by 

p-2 

H a (b,c) = (-l)^X^ rr(af- 2 - fc &a fc c). 

fc=0 

If Q is the quadratic form associated to H, then (cf. Lemma 4.1 in [3] and equation (3.1) in 
HSI): 

1. Q B (M) < 4|MI»Qa(&). 

2. Q a (6) = p||&af- l ||l + H £ i+m= „- 2 ||a'(a& + &a)« m |li- 
In particular H a is positive definite for any a 6 B p (H) a h- 

Our convexity results follow. If u € U p (H), denote by B p (u, r) = {w 6 U P (H) : d p (u,w) < r}. 

Theorem 3.6. Let p be a positive even integer, u £ U P {TL) and [3 : [0,1] — > U p (7i) a non- 
constant geodesic contained in the geodesic ball of radius ^, namely (3 C B p {u, ^). ^4sswme 
further that u does not belong to any prologantion of (3. Then 

f p ( S )=d p (u,[3(s)T 

is a strictly convex function. 

Proof. We may assume that u = 1 since the action of unitary elements is isometric. Let 
v, z e B p (H)ah such that f3(s) = e v e sz . Let w s = log([3(s)) = log{e v e sz ) 7 and j s (t) = e tw ° . 
Now ||u> s || < ||w s ||p < 7r/2, so 7 S is a short geodesic joining 1 and f3(s), of length ||u> s ||p = 
dp(l, £(«)). Then / p (s) = ||«7,||P - Tr((-^)t) = (-l)f Tr«), hence 

f P (s) = (-l^pTriw?- 1 ^) = -±—H Ws (w s ,w s ). 
H p — 1 

For x, y € B^ h , we have the formula d exp x (y) — e^^ x ye tx dt from the previous lemma. 
Since e Ws — e v e sz , then e~ Wa d exp w (w B ) = z, namely 

z= f e- tw °w s e tw ° dt. (3) 
Jo 

Thus Tr(w p s - 1 w s ) = J* Tr{wP- 1 e- tWs w s e tWs ) dt = Tr^vp- 1 ). Hence 

p-2 

f' p '(s) = (~l)hYl Tr(w p - 2 - k w s w k s z)=H Ws (w s ,z), 

and again by equation © above, if we put S s (t) = e^ tWs w s e tW! ' , then 

= f H Ws (S s (0),5 s (t))dt. 
Jo 

Suppose that for this value of s E [0, 1], R 2 S := Q w ,{ws) 0, where Q Ws is the quadratic 
form associated to H Ws . If K s C B p (H) a h is the null space of H Ws , consider the quotient 
space B p (TC) a h/ K s equipped with the inner product H We (•,•). An elementary computation 
shows that S s (t) lives in a sphere of radius R s of this pre-Hilbert space, hence 

H w (5 s (0),8 s (t)) =# 2 cos(a s (f)), 
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where a s (t) is the angle subtended by <5 S (0) and 5 s (t). Then, reasoning in the sphere 

R s a s (t) < LU5 s ) = f Qt{e~ tWs [ws,Ws]e tw °)dt= f QZ.{[w a ,w a ]) dt = tQ&.([w„w a ]). 
Jo Jo 

By property 1. of above remark, 

R s a s (t) < t2\\w s \\ 00 R s < 2t\\w s \\ p R s < R s ir 

it]\w s \\ p < f. So 

cos(a s (tj) > cos(2t|| w s || p ) 
and then integrating with respect to the i-variable, 

2 sin(2|K|| p ) 



provided R s ^ 0. On the other hand, the Cauchy-Schwarz inequality for H Ws shows that if 
R s =0, then 

i i 

(p - l)fp(s) = H Ws (w s ,w s ) < Qw a (w s )Qw,(w s ) = 0. 

Assume that R s is identically zero, s £ [0, 1]. Then f p is constant with f p (s) — f p (0) — \\v\\ p 

for any s £ [0, 1]. Moreover, by property 2. of the remark above, R s = implies w£ z = 
and an elementary computation involving the functional calculus of skew-adjoint operators 
shows that w s z = 0; in particular vz = which implies w s — v + sz by the Baker-Campbell- 
Hausdorff formula. But since the norm of B P (TL) is strictly convex, w s cannot have constant 
norm unless v is a multiple of z, and in that case, u and (3 are aligned contradicting the 
assumption of the theorem. So there is at least one point sq G [0, 1] where R So ^ 0, so f p is 
non constant and by Lemma l3.4[ f p is strictly convex since 

(p- l?f' p {s) 2 =Hl s {w s ,w s ) < Q Ws (ws)Q Ws (w s ) < Cf p '(s). 

□ 

Remark 3.7. A careful reading of the proof of the above theorem shows that f p is in fact 
strictly convex provided that the uniform norm ||w s || is strictly less than ir/2. 

Corollary 3.8. Let ui,U2 1 u^ £ U p (Tl) with «2,M3 £ B p {u\, j), and assume that they are 
not aligned (i.e. they do not lie in the same geodesic). Let "f(s) be the short geodesic joining 
U2 with M3. Then dist p (ui,j(s)) < -| for s £ [0,1] and j is the radius of convexity of the 
metric balls ofU p {TL). 

Proof. Note that 

dist p (ui,j(s)) < dist p (ui,u 2 ) + -dist p (u 2 ,u 3 ) 

1 7T 7T 

< dist p (ui,u 2 ) + -{dist p (u 2 ,ui) + dist p (u 3 , Uij) < 2- = -, 
hence the conclusion follows from the previous theorem. □ 
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4 Minimality in O: initial values problem 

For our main result on minimality in O, we make the assumption that for some (hence for 
any) x G O, the group G x is locally exponential. Namely, there exists a radius 5 > such 
that if v G G x with \\v — l|| p < S, then there exists an element z G Q x such that v = e z . This 
is equivalent to the fact that G x is a (non complemented) Banach-Lie subgroup of U P (TL). 
This property implies in particular, that G x is locally geodesically convex: given any pair 
of elements Wi,«2 G G x with — v^\ p < S, then there exists a unique minimal geodesic of 
U P (H), which lies inside G x , and joins v\ and v-i. 

Our argument on minimality in O will consist in comparing the lengths of the liftings of 
curves to the unitary group U P (TL). For the case p = 2 this technique is based on the 
following fact: 

Remark 4.1. Let 7(i), t G [0, 1] be a smooth curve in O, with 7(0) = x, and let T be its 
horizontal lifting. Then 

L 2 (T) = L 2 (7). 

Indeed, recall from @ that f = « 7 (7)r, and also note that by definition of the metric, 
k x : (TO) x — ► JF X c B2{Ti) a h is isometric. Then 

II7II7 = IK(7)ll2 = ||r*r|| 2 = ||r|| 2) 

and the result follows. 

Let us show that for p > 2 we can still have isometric lifts of curves in O. 

First note that the general theory ensures the existence of piecewise C 1 liftings in U P (H) of 

C 1 curves in O, due to the fact that for any fixed x G O, the map 

tt x : U P (TL) — > 0, 7Ta;(u) = it • a;, 

is a submersion. 

We need to discuss the projection to closed linear spaces in B P (TL) and a few technical lemmas 
first. 

Remark 4.2. Let 1 < p < 00. Then for any convex closed set S C B p (TL) a h there exists 
a continuous map Qs ■ B p {TL) a h — * S 1 which sends 2; G B p {TL) a h to its best approximant 
Qs(x) G S, i.e. 

||x - Qs(x)\\ p < \\x - s\\ p 

for any s G 5. 

The map Qs is single- valued and continuous, because B P {TL) is uniformly convex and uni- 
formly smooth (see for instance [SJ). Note that 

\\Q{x)\\ v < \\Q(x) ~x\\ p + \\x\\ p < || - x\\ p + \\x\\ p = 2\\x\\ p 

and also that 

\\x - Qs{x) - s\\ p > \\x - Qs(x)\\ P 

for any s G S, hence Qs(x — Qs{x)) = 0, namely Qs o (1 — Q s ) = 0. Also, for any positive 
A G M, 

Qs(Xx) = XQs(x). 

Let x G O, let G = G x be the isotropy group and Q x the Lie algebra of G as usual. Let 

5 = G x and Q — Qg x be the projection to the best approximant in Q x . Let 

= Q-^O) = {xe Bp(H) ah : \\x\\ p < \\x - y\\ P for any y G G x }. 
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Then any element z £ B p (H) a h can be decomposed as 

z = z-Q(z) + Q(z), 

where z ~ Q(z) £ Gx p and Q(z) £ Q x . In particular, these facts imply that given x £ O and 
X £ (TOJu there exists a minimal lifting z £ B p (H) a h for x. Indeed, since 

7r x : J7 P (W) -» 0, ^(u) = u • a; 

is a smooth submersion, the differential (rf7r x )i is surjective, and thus there exists z £ B p (H) a h 
such that d(n x )i(z) = X. Then a minimal lifting is 

z = z-Q(z)£g x L *. 

Calling Q = 1 — Q, we have 

G x = Q _1 (0) = Iro(Q), = Q _1 (0) = Iro(Q), 

and also 

Q 2 = Q, Q 2 = Q, Q°Q = Q°Q = 0. 

Lemma 4.3. Let p be an even positive integer. Let x £ O and X £ (TO) x . An element 
z £ Bp(H) a h with (dir x )i(z) — X is a minimal lifting for X if and only if Tr(z p ~ 1 y) = 
for all y £ Q x . For any X £ (TO) x there exists a unique minimal lifting z £ Q x p such that 
z ||p || X || x . 

Proof. Suppose that z is a minimal lifting, and for a fixed y £ Gx, let f(i) = ||z — ty||£. 
Then / is a smooth map with a minimum at t = 0, i.e. /'(0) — 0. A straightforward 
computation shows that f'(t) = Tr((z — ty) p ~ 1 y), and thus Tr{z P l ~ l y) = 0. Conversely, 
suppose that Tr(z$~ y) = for all y £ Gx and suppose that there exists yo £ Gx such that 
ll z o — t/o ||p < ll^ollp- Then the map f(t) = \\zq — tyo\\p would not have a minimum at t — 0. 
This is a contradiction, since / is convex and /'(0) = 0. The existence of minimal liftings was 
established in the previous remark: take any w £ B p (H) a h such that (dn x )i(w) = X and then 
take z = w—Qg x {w). If {diz x )i{z-i) = {dir x )i(z2) = X for zi, z 2 £ B p (ft) ah , then z\ — zi £ Gx] 
if z\ and z 2 are minimal liftings of X, then we have ||zi||p < \\z\ — (z\ — ^2) ||p = || z 2||p and the 
reversed inequality also holds, hence ||zi|| p = 1 1^2 Hp = II X \\ x . To prove uniqueness we may 
assume then that ||zi||p = ||^2||p = 1- Consider the smooth convex function g : Gx — ► R>o 
given by 

\\zi-y\\p- 

Now 5(0) = \\zi\\p = 1 is a minimum for g, and we are assuming that g(z\ — z 2 ) — \\z2\\ p = 1 
is another minimum. Hence g must be constant on the straight segment s(z\ — z 2 ) £ Gx for 
any s £ [0, 1]. In particular (with s = i), 

\\\(Z1 + Z 2 )\\ P p = \\zi\\ P p = 11^2^ = 1, 

which forces z\ = z 2 , since B P (H) is uniformly convex. □ 

Having established the linear result on minimal liftings, let us prove two technical lemmas 
in order to extend the isometric lifting property to smooth curves 7 C O. 

Lemma 4.4. Let k > 1, w £ B P (H) with \\w\\ p < f . Then 

{adwf 

4fc 2 7T 2 
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is invertible in B(B P (H)) and 



irHKli-ttV^fi M ^ 



2 \ -1 

z l 



k 2 1T 2 J \ k 2 TT 2 I 

Proof. Since ||adu;|| < 2||io|| < 2||w|| p < ir, the map T is invertible and its inverse can be 
computed with the Neumann series. □ 

r 

Remark 4.5. Consider g(r) = . ^ ^ with g(0) = 1. Then g : [0,n) — > M is positive and 
increasing, and from the Weierstrass expansion of sin(z) we obtain 

««-n(' kV , 

for any z such that \z\ < n. 

€ Z — 1 V 

Proposition 4.6. Let F{z) = , g(r) = . Let w e B P (H) with \\w\\ p < f . Let 

Z SID ( T* ) 

t e [0,1]. T/ien 

H^adw;)- 1 !! < 5 (HI)< <KHI P )- 
Proof. The Weierstrass expansion of F(z) = ^-E— is given by 



where the product converges uniformly on compact sets to F. Then F(&dw) is invertible 
since lladwll < ir and 



IHr~ J 



fe>i 

Hence 

linad^- 1 !! < II f 1 -^) =ff(HI)<ff(IIHI P ) 
*;>i ^ ' 

by the previous lemma. □ 

Lemma 4.7. Lef 1 < p < oo 7 igO and Q = Qg^ he the best approximant projection. Let 
T C U P (H) be a piecewise C 1 curve parametrized in the interval [0, 1]. Then there exists a 
piecewise C 1 curve z : [0, 1] — > Q x with z(0) = such that 

F(adz)z = -Q(T*t). 

If Ut = e z e G x , then ur : [0, 1] — > B P (TL) obeys the differential equation 

u T u* T = -Q(T*t), 

and L p (ur) < 2L P (T). 

Proof. Assume first that T is C 1 in the whole [0, 1]. Let i?o = max ||r|| p , where J is an open 

teJ 

interval containing [0, 1] where T is differentiable. Let < R < \. Then if x e Q n £>(0, i?), 
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the map F(adx) is invertible by the previous lemma, its inverse is analytic and can be written 
as a power series in adx, hence 

F^da;)" 1 :Q^Q 
because Q is a Banach-Lie algebra. Moreover, since g is increasing, 

ll^adz)- 1 !! <g(\\x\\ p ) <g(R). 

Let / : J x B(0, R) H Q -► Q be given by 

f{t,x)=-F(adx)- 1 Qg(r*{t)t{t)). 

Then / is continuous since Q and F^ 1 are continuous, moreover 

\\f(t,x)\\ p < ^(adx)- 1 !! 2||f(t)|| p < g(R)2R = L 

by Remark 14.21 and the previous lemma. Since H(a,dx) = F(ado;) _1 is analytic in the ball 
\\x\\ p < J, we have 

\\H(adx)- H(ady)\\ < C(i?)||ada: - ady|| < 2C{R)\\x - y\\ p 

where C(R) is the bound for H' in \\z\\ p < R. Then 

\\f(t, x) - f(t,y)\\ p < AC(R)R \\x ~ y\\ p = K\\x - y\\ p . 

Then / satisfies a Lipschitz condition, uniformly respect to t € J, hence by Proposition 1.1 
of Ch. IV in [15] . there exists a continuous solution z : (~b, b) x B(0, R/4) — > Q n fl(0, i?) 
of the integral equation 

= / f( s , z (s))ds 



with zo(0) = 0. Here b is any real number 

R sin(R) 



0<b< 



ALK 32C(R)Rl 



Note that zo is in fact C 1 . Differentiating both sides and multiplying by F(ad z(t)) gives the 
equation stated. We have proved so far that the equation 

fXad z)i = -Q(r*f) 

has a local solution defined around zero. By a standard argument, it follows that one can 
find a piecewise C 1 solution defined on the whole interval [0, 1]: let N £ N such that jj < b 
and let tk = jr. Then [tk, tk+i] (k = 0, 1, • ■ ■ N) is a partition of [0, 1] such that the integral 
equation 

rtk+i 

z (t) = / f(s,z(s))ds 



with the initial conditions zq(0) = 0, Zk(tk) = Zk— i(*fc) f° r ^ ^ 1> nas a solution Zk : 
[tk,tk+i] —> Q- Then the curve ^ltt^att • • • tt^JV is a piecewise C 1 solution of the equation 
defined in the whole [0, 1]. If T is piecewise C 1 instead of C 1 , one might replace the argument 
above for a similar argument in each of the intervals where T is C 1 , and use the continuity 
of r to state the boundary conditions for z. 
liu r (t) = e z(t \ then 



u T (t) = dcxp z(t) (z{t)) = / e sz{t) i{t)e' sz ^dsu T {t) = F{nd z(t))z(t)u r (t) 
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by Lemma 13.31 Then u — F(a,dz)zu, and hence iiu* = — Q(T*T). Thus 

H|p = ||Q(r*f)|| p <2||r*r|| p = 2||f|| p> 

and therefore L p (u) < 2L p (T). □ 

Proposition 4.8. Let xq £ , 7 = V ■ xq C O a C 1 curve defined in an interval containing 
[0, 1]. Then 7 admits a piecewise C 1 lift (3 C U P (H.) (that is [3 ■ xq — j) such that L(j) = 
L p {{3) < L p (T). We shall call (3 an isometric lift of-f. 

Proof. Let u = Mr = e z be the curve of the previous lemma. Then [3 — T u 7 is a lift of 7 
because u £ G. Moreover, 

\\0\\ p = ||fu + ru|| p = ||r*f + u«*|| 1 , = ||r*f-Q(r*f)|| p 

= rnin||r*f-y|| p <||r*f|| p = ||f|| p) 

hence L{i) = L p (f3) < L P {T). □ 

Theorem 4.9. Let p be a positive even integer, x £ O, X £ (TO) x and zq £ B p {TL) a h « 
minimal lifting for X . Then the curve 

S(t) = e tza ■ x, 

which verifies 6(0) = x and (5(0) = X, has minimal length ||zo|| p * n ^ e interval [0,1] if 
ll^ollp < 7r/4. Moreover, the curve 5 is unique with this property, in the sense that if 7 C O 
is another curve joining x to e z ° ■ x of length ||^o||pj then j(t) = e tz ° ■ x. 

Proof. Let 7 be a smooth curve in O with 7(0) = x and 7(1) = e z ° • x. Denote by (3 as above 
an isometric lift of 7. Note that the curve e(t) = e tz ° is an isometric lift for S. Then it suffices 
to compare (3 and e (note that both curves start at 1). There exists in U p (Ti.) a minimal curve 
a(t) = e tz with e 2 = (3(1), with L p (a) < L p ((3). We claim that L p (e) < L p (a), a fact which 
ends the proof. If ||z|| p = L p (a) > 7r/4, this fact is clear. Suppose that ||z|| p < 7r/4. Let 
v(t) = e z °e ty be the minimal geodesic of U P (H), lying inside e z °G x (i.e. y £ Q x ), connecting 
e z ° to e z . Then by Theorem 13.61 the map f p (s) = d^(l, v{s)) is convex. We claim that 
f' p {Q) = 0, and thus 

L p (ef = d p (l,v(0)y = f p (0) < f p (l) = d p {l,v{l)Y = L p (af. 

As in the proof of 13.61 / p (0) = (— l) p ^ 2 Tr(z^ 1 y), which vanishes by Lemma [4~31 because zq 
is a minimal lift. If L(j) = ||^o|| P (i- e - if 7 is also short), then 

/ p (l) = < L p {(3f = L( 7 f = \\zo\\* = f P (0) 

and then z = Z\ because f p is strictly convex. In particular (3(1) = e z ° and L p ((3) = L p (e) = 
I |^o ||p- Since ||zo|| < H^ollp < t/2, the curve e is the unique short geodesic joining 1 to e z ° in 
U P (H), and then f3 = e. □ 



5 Completeness of the metric spaces O 

We prove that the space O is a complete metric space with the rectifiable metric. Let us prove 
first an inequality in U P (TL) relating the distance among two geodesies with the distance of 
the endpoints. Throughout we assume that p is a positive even integer. 
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T 

Theorem 5.1. Let g(r) = — . Let u,v,w € U V {H) with v, w € B p (u, ro) and r$ £ [0, fj. 

sin(r) 4 

Let 7 6e f/ie s/iort geodesic joining v to w. Let a (resp. [3) be the short geodesic joining u to 
v (resp. u to w). Let "f t be the short geodesic joining a(t) with (3{t). Then 

it t 

L P {lt) < t g{r ) L p ( 7 ) < ^y^ L p(l) 

for any t G [0, 1]. 

Proof. We may suppose u — 1 without loss of generality. Let 7* = e tl ° 9 ^K Since 7 '(0) = a{t) 
and 7*(1) = f3(t), and jt is a short geodesic joining these same endpoints, one has the 
inequality 

L p (j t ) < L p ( 7 *). 

Let us use the dot to denote the derivative with respect to the s variable. Then 

7* = dexp t/og(7) (td/o5 7 (7)) = idexp tln(7) (dexp~ 1 ( 7 )), 

hence 

|| 7 % < tHdexp^CrJIlp 

by Lemma \3.3\ since the differential of the exponential map is a contraction. By the same 
lemma, 

||7% < * ||F(adao 5 (7))- 1 7ll P < tg(\\log(rf)\\) \\M\p (4) 

where the last inequality is due to Proposition 14.61 Now by Corollary 13 . 81 ||£o<?( 7 )|| < 
IK°<?(7)IIp < r o < § , and since g is increasing in [0, n), the term <?(|Ko<?(7)||) is bounded by 
g(r ), which in turn is bounded by g(j) = Integrating with respect to the variable 
s in [0, 1] gives the inequalities for the pdengths. □ 

Corollary 5.2. Let u%, u 2 ,u 3 € U P (TL) such that d p (ui,Uj) < rg < ? , U2 — u\e x ', u 3 — u\e v . 
Then 

\d p (ui,u 2 ) - d p {ui,u 3 )\ < \\x - y\\ p < g(r ) d p {u 2l u 3 ). 

Proof. The first inequality is just the reversed triangle inequality, since ||a;|jp = d p {u\,u 2 ) 
and \\y\\ p = d p (ui, 1*3). By the invariance of the metric under left action of the unitary group, 
we may assume that u\ = 1. Then for each t £ [0, 1], (in the notation of the previous result) 

d p {e t \e t y) = \\log{e tx e- t y)\\ p = L p { lt ), 

which is less or equal than g(ro) td p (u 2 , u 3 ) by the same proposition. Then 

\\hog{e tx e~ ty )\\ p < g(r Q ) d p (u 2 ,u 3 ), 

and taking the limit t — > + gives the result. □ 
Remark 5.3. Recall Clarkson's inequalities [23J for the B P (TL) spaces, p E [2, +00), 

2\\x\\; + 2\\y\\;<\\ x -y\\; + \\ x + y \\;, 

for any x,y S B P (H). 

Theorem 5.4. (Weak semi-parallelogram law) Let 7 be a short geodesic in U P {TL) and u € 
U P (H) such that d p {u^) < ro < f. Then 

ifl(r ) [d? p (u, 7 (0)) + dP(u, 7 (1))] -dP p (u, 7 (l/2)) > ^ P ( 7 ) p - 
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Proof. We may assume that 7(1/2) = 1. Then 7(0) = e x , 7(1) = e x and u — e y with 
x,y <E B p (H)ah- Then, by Clarkson's inequality, 

±L p ( 7 r = \\x\\l<~[\\x + y\\*+\\x-y\\*]-\\y\\* 
= \\\\x + y\\l + \\x-y\\ p ]-dP p {u, 7(1/2)). 

Now apply Corollary 15. 21 □ 

Let us finish this section by proving completeness of the geodesic distance. 
Theorem 5.5. The metric space (0, d) is complete. 

Proof. Let {b n } n >i be a Cauchy sequence in O, and fix 7r/4 > e > 0. Then there exists no 
such that d(b n , b m ) < e if n, m > uq. Consider the (submersion) map 

7r = Tr bno : U P (TL) — > O, n(u) — u ■ b no . 

For n,m > no, let 7n,m be a smooth curve in O joining b n with b m at (respectively) t = 
and t = 1, such that 

M p < L{ lnAn y < d(b n , b m y + e. 
Then by Proposition ^. 81 the curve 7n , m lifts, via tt, to a curve /z m of U p (Tl) with /x m (0) = 1, 

7I"(/i m (*)) = 7ra D ,m(*), * e [0, 1], 

such that L p (fj, m ) = L(j no , m ). Denote by u m = u m (l). Then 

£ + d(b no ,b m ) p > L(7„ , m ) p = L p (u m ) p > d p (l,u m ) p . 

For each n, m > no, let v n ,z niTn 6 B p (H) a h be such that aj n ,m(t) = e Vn e tZn < m is the unique 
minimal geodesic in U p (7i) which joins M ra and u m at t = and t = 1. Then 

dp(l (*)) < 
if e is small enough. Hence by Theorem 15.41 if n, m > no then 



2e > £+^(6„o,fo n ) P + ^(&no^m) P > ^p(l,Un) P + ^p(l,Wm) P 

- ^/i)^T (dp(1 '^™ (1/2))P + dp(w ™' Um))P - g ( 7r /4 1 )2P- l dp(M "'" m)P - 

It follows that {u,i}„>i is a Cauchy sequence in U P (H), which is complete. Therefore the 
sequence b n = n(u n ) is convergent in O. □ 



6 Submanifold structure of Oa 

In this section we consider the case O = Oa = {uAu* : u £ U2CH)}, for a bounded self- 
adjoint operator A, and we study its local structure as a subset of B(H). An elementary 
computation shows that all elements in Oa are of the form A + k with k G B2{l~L)h- If A 
itself lies in B2CH), then Oa C B2(H)h- Otherwise, Oa C A + S 2 ('W), which can be regarded 
as an affine Hilbert space. In either case, a natural question is whether the manifold Oa is a 
differentiable submanifold of the ambient Hilbert space. This is the purpose of this section. 
We show that the orbits Oa arc not, in general, differentiable submanifolds of A + 02(H). 
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We show that Oa C B2(H)h is a differentiable submanifold if and only if the spectrum of A 
is finite. 

The obstruction for Oa to be a submanifold is that its tangent spaces may not be closed in 
B 2 (TC). The tangent space of Oa at A (i.e. the derivatives at A of smooth curves in B 2 (TC), 
lying inside Oa) is apparently given by 

(TO a) a = {xA-Ax:xe B 2 (H) ah }. 

D. Herrero, D. Voiculescu, C. Apostol and L. Fialkow, among others, established several 
important results on the closedness of commutators (see the books jH [H] and the references 
therein for a complete review on the subject). In particular, L. Fialkow [13] addressed the 
problem of the spectral characterization of Rosenblum's operators restricted to the Schatten 
ideals. Let us cite Fialkow's result: Denote by tab the operator tab(x) = Ax — xB. Let J 
be any Schatten ideal. 

Theorem 6.1. (Fialkow [13]) The following are equivalent 

1. tab ■ B(7i) — > B(H) is bounded below. 

2. tab ■ J ' —* J is bounded below for some J . 

3. tab '■ J —> J is bounded below for any J . 
I ai(A) n oy(B) =0. 

Here cri(A) (resp. a r (B)) denotes the left (resp. right) spectrum of A (resp. B). 
Recall the map 

tta ■ U2CH) — > Oa, ka{u) — uAu* 
and its differential at the identity 

5a : B 2 (H) ah -► {TO A ) A , 5 A (x) =xA- Ax. 
The Banach-Lie algebra B2("H)ah can be decomposed 

B 2 (n) ah = g®J r , 

for G = {xe B 2 {H)ah ■ xA = Ax} and T = Q^. Let 

Pa : B 2 (H) ah ^ F C B 2 (H) ah 
be the orthogonal projection. Note that since ker 5a = J 7 , then 

5a\^:T^(TO a )a 

is a linear bijection. If (TOa)a C B 2 ('H)h were closed, then 5a\f would be an isomorphism 
between Banach spaces, and therefore there would exist a constant Ca such that 

\\xA-Ax\\ 2 >Ca\\x-P a (x)\\ 2 . (5) 

Theorem 6.2. Let A e B(TL) self-adjoint. Then (TO a) A C B 2 (7i)h is closed if and only if 
the spectrum of A is finite. 

Proof. First note that if (TO a) a C B 2 (H) h is closed, then {xA-Ax : x € B 2 (H)} C B 2 (H) 
is also closed. Indeed, since A is self-adjoint, the derivation 5a, which is clearly defined on 
B 2 (H), maps B 2 (H) a h into B 2 (H) h , and B 2 (TC) h into B 2 (H) a h- Therefore if 5 A (x n ) -> y 
in B 2 (TL), and one decomposes x n = x„ h + x\ in its hermitian and skew-hermitian parts, 
then both 5a(x'^) € B 2 (H)h and 5a(x%) G B 2 (H) a h are convergent. The hypothesis that 
5A(B 2 (H)ah) = (TOa)a is closed clearly implies that also 5a(B 2 (H)}i) is closed, and our 
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claim follows. We may decompose H = H pp H c in two orthogonal subspaces which reduce 
A, such that A pp = A\-)-c pp : H pp — ► H pp has a dense subset of eigenvalues in its spectrum, 
and A c = A\n c : H c — > 7i c has no eigenvalues. Since this decomposition reduces A, then 
clearly 5y4 pp (*8 2 (7^pp)) and 8A a (B2(H c )) are closed, by a similar argument as above. 
Let us reason first with A c , usually called the continuous spectrum part. Note that 6a c is 
injective. If a; € 2? 2 (7i c ) satisfies 6a c (%) = then x commutes with A c , and thus the real 
and imaginary parts of x commute with A c . This means that there is a non zero compact 
self-adjoint operator y which commutes with A c . This is clearly not possible: let p be any 
spectral (finite rank) projection of y, then p commutes with A c , and therefore pA c p, being a 
finite rank self-adjoint operator, would have an eigenvalue, and therefore A c would have an 
eigenvalue. It follows that 8a is bounded below, and therefore by Fialkow's theorem |6. II 
ai(A c ) r\a r (A c ) = 0, which is impossible because for self-adjoint operators, the left and right 
spectra coincide. 

Thus H c = {0}, and the spectrum of A = A pp + 0-^ e has a dense subset of eigenvalues. 
Suppose that there are infinitely many different non zero eigenvalues {A„ : n > 1}, ordered 
such that I Ai| > | A2 1 > . . .. Let {e„ : n > 1} be an orthonormal set in H, consisting of the 
corresponding eigenvectors of A. These vectors span a subspace Ho which reduces A. If we 
denote by A = A\n , it is clear again that Sa q (B(Ho)) is closed. Thus we may suppose 
H = Ho- We shall write operators in H as matrices with respect to this basis. Let us 
show that 5a(H) is not closed. With these reductions, it is clear that F consists of diagonal 
matrices. Therefore Pa,(x) consists of leaving the main diagonal of x fixed, and replacing all 
non diagonal entries of x with zeros. For each n > 1, consider the n x n matrix b n with 1/n 
in all entries, and x n the operator on H with matrix ib n in the main n x n corner block, and 
zeros elsewhere. Note that x n is i times a rank one projection, and therefore its 2-norm is 
1. Also note that ||PA(ar n )||a = \j\fn— > 0. Therefore 

||a: n - P A {Xn)\\l -> 0. 

A straightforward matrix computation shows that x n A — Ax n is zero but on the main n x n 
corner block, where it has the matrix with —(dj — ai) at the z,j-entry. Therefore 

L ™ 2 " " 2 ™ 2 

i,j=i fe=a fe=i fe=i 

and thus ||x n A— ^4x n ||2 — > 0. It follows that (TOa)a is not closed. 

If the spectrum of A is finite, then A = Yn=i ^iPh f° r pairwise orthogonal self-adjoint 
projections pi which sum 1 . One can write operators in B2 (H) as n x n matrices in terms of the 
decomposition H = R{pi)- A straightforward computation shows that if x G B2{H) a h 

with matrix (xtj), then 5a (x) is, in matrix form 

/ (Aa-Ai)^!^ (A 3 -Ai)ari i3 ... (A„ - \i)xi !rl A 

g A f x \ _ (Ai-A 2 )x 2 ,i (A 3 -A 2 )a;2,3 ■■■ (A„ - A 2 )a; 2 , n 

\ (Ai - A„)ar njl (A 2 - X„)x ni2 (A 2 - A x )a;i, 2 ... / 

Since A^ 7^ Xj if i ^ j, it follows that {xA — Ax : x € B2(H) a h} consists of operators in 
£>2{H)h whose n x n matrices have zeros on the diagonal, i.e. 

{xA - Ax : x e B 2 (H)ah} = B 2 (H)h ■ Pizpi = 0, i = 1, . . . , n}, 

which is clearly closed in 82(H) h- □ 

Remark 6.3. If the spectrum of A is finite, the optimal constant Ca can be computed. If 
A = Y^7=iPi as above, the set {x e S 2 (7Y) : xA = Ax} consists of block diagonal matrices. 



Il^n^- — -<4.3^ti 1 1 2 — 
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Thus 

n 

pa(x) = y^^pjxpj. 

Using the matrix form of 5a(x), 
\\Sa(x)\\ 2 2 = J2 Wfri - **)xiJ* > inf \\ S ~ A,| 2 £ Kill* = M \*j ~ \?\\x ~ Pa(x)\\ 2 2 . 

Thus CU = infj^j \Xj - A 4 | 2 . 

The finite spectrum situation contains interesting cases. For instance, if A = P is a projection 
with infinite rank and co-rank, the orbit O equals the connected component of the restricted 
Hilbert-Schmidt Grassmannian corresponding to the polarization 7i = R(P) © i?(P) _L (see [HJ 
f2T] ) with virtual dimension (i.e. the component containing P). From the above proposition 
it is clear that the finite spectrum condition is necessary for Oa to be a submanifold of 
A + BiXH)ah ( or a differentiable manifold with the 2-norm topology). In the rest of this 
section we shall prove that it is also sufficient. 

To establish the equivalence between the existence of the submanifold structure for Oa C 
A + B-2{7-l)ah and the finite spectrum condition, the following general result on homogeneous 
spaces is useful. A proof can be found in [20] , 

Lemma 6.4. Let G be a Banach-Lie group acting smoothly on a Banach space X. For a 
fixed x G X, denote by ir x : G — * X the smooth map ir x (g) = g ■ x. Suppose that 

1. ir x is an open mapping, when regarded as a map from G onto the orbit {g ■ x : g € G} 
of x (with the relative topology of X). 

2. The differential d(Tt x )i : (TG)± — > X splits: its kernel and range are closed comple- 
mented subspaces. 

Then the orbit {g ■ x : g £ G} is a smooth submanifold of X , and the map ir x : G — > {g ■ x : 
g G G} is a smooth submersion. 

Theorem 6.5. Oa C A J r B2{Ti)ah is a differentiable submanifold if and only if the spectrum 
of A is finite. 

Proof. The necessary part is clear. Suppose that the spectrum of A is finite, A — Xa=i Kpi. 
We shall use Lemma T6.4I above. Note that in our case G = U2CH), d(ir x )i — 6a- Its kernel 
is complemented, its range is complemented by the previous theorem. Therefore it remains 
to prove that it a ■ £^2(W) — > Oa is open, or equivalently, that it has a local continuous cross 
section defined on a neighborhood of A £ Oa- Since the range of 5a is closed, there exists a 
constant Ca as in ([5]): \\xA — Ax\\2 > Ca\\x — Pa(%)\\a, for x G B2^H) a h- Note that Pa can 
be extended to a || || -contractive idempotent map, which we shall still call Pa, 

n 

P A : B{H) -» {x G B{H) : xA = Ax} C B{H), P A (x) = ^PiX Pi . 

i=l 

Clearly, Pa\b 2 (h) lSi the Tr-orthogonal projection onto the closed subspace {x G B2CH) : 
xA = Ax}. Also it is clear that the inequality §5§ is still valid for x G Z?2(7i). Moreover, 
Pa has the following modular property: if y, z G {x G B{TL) : xA = Ax}, then PA(yxz) — 
yPA(x)z. Consider the open ball B = {b G Oa '■ \\b — A\\2 < Ca}- We define the following 
map in B: 

a:B^U 2 (H), a{b) = uQ(P A (u*)), if b = uAu* , 
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where fi is the unitary part in the polar decomposition of an invertible operator in GI2CH) 
(g = fl(g)\g\). Several facts involving the well definition of a need to be checked. First note 
that Pa{u) lies in Gl 2 (H): since b = uAu* £ B, one has that 

C A \\u - P A {u)h <\\uA- Au\\ 2 = \\uAu* -A\\ 2 < C A , 

i.e. ||1 — Pa{u)u*\\ = \\u— Pa(u)\\ < \\u— Pa(u)\\ 2 < 1, and thus Pa (u) is invertible. Moreover, 
P A {u)-l = P A (u-l) £ 82(H), and therefore P A (u) £ GL 2 (H), and thus ft (E(u)*) £ U 2 {H). 
Next note that it does not depend on the unitary u performing b = uAu* : if also b — u'Au'* , 
then u' = uv for vA = Av, and thus 

u'n(P A (u'*)) = uvn(P A (v*u*)) = uvQ.(v*P A (u*)) = un(P A (u*)). 

Let us prove that a is continuous. It suffices to show that it is continuous at A. Suppose 
that u n Au^ — > A. Then as above, \\u n A — Au n \\ 2 — ► 0, and therefore \\u n — -Pa(m«)||2 — » 0, 
or equivalently, 

||1 - U n P A (u* n )\\ 2 = ||1 - P A {Un)U* n \\2 = \\u n - PA(Un)h -> 0. 

Therefore (since f2 is continuous), cr(u„^4u*) = u„n(PA(u*)) = 0(u„Pa(u*)) — > 1. Finally, 
cr is a cross section: if 6 = uAu*, 

cr(6)Acr(fe)* = un(P A («*))AO(P A (u*))*«* = uAli*, 

because the fact that Pa(u*) commutes with A implies that also Q(P A (u*)) commutes with 
A. □ 

We finish this section by returning to the case of an arbitrary self-adjoint operator A. We 
shall prove that the projection Pa verifies that IjP^x)!! < ||x||. 

Proposition 6.6. The projection Pa is || || -contractive. 

Proof. We shall prove this result by giving an alternate construction of Pa ■ Let IT be a finite 
partition of the spectrum of A by Borel sets {Ai, . . . , A„(n)}- Denote by pi the spectral 
projection of A corresponding to the set A,, and by 

n(n) 

En(x) = ^2 Pixpt, x e B 2 (H). 

i=l 

Consider the partial order > on finite partitions given by refinement. Then {-En} is a 
net of contractions acting in the Hilbert space B2CH). Therefore it has a weak operator 
convergent subnet, which for simplicity we shall denote again by {-En}- Therefore there 
exists a contraction F acting on B 2 {^H) such that 

Tr(y*E u (x)) -> Tr(y*F(x)), for all x,y e B 2 (H). 

We claim that F is the orthogonal projection onto G P , i.e. F — Pa- First note that if 
x £ B2 l (H)ah commutes with A, then it commutes with its spectral projections and therefore 

n(n) n(n) 
En(x) = ^2 Pixpi = pi = x, 

i=l i=l 

therefore F(x) = x. Let p be a spectral projection of A. Since the index set {IT} of the 
convergent net {En} is co-final, there exists a partition n (an index of the net) which is 
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finer than {p, 1 — p}. Therefore for any partition II = {pi, . . . ,p„(n)} > IIoj the projections 
Pi are either sub-projections of p or 1 — p, and thus ppi — pip equals pi or 0. Then 

pEji{x) = ^ Pi x Pi = E n{x)p. 

It follows that for any x, and II > IIo, A commutes with Ejj(x). Then A commutes with 
F(x). It follows that F is an idempotent operator acting in B2{'H)ah, whose range is Qa- 
Apparently, all the operators Ejj are symmetric with respect to the trace inner product, 
therefore F is symmetric. Then F is the Tr-orthogonal projection onto Qa, i.e. F = Pa- 
This description of Pa allows us to prove that it is also || ||-contractive. Indeed, note that for 
any fixed x, the net of operators {Eu(x)} converges to Pa{%) in the weak operator topology: 
if £, r\ G 7i, denote by £ (£> r\ the rank one operator given by £ ® v( a ) — < a , V > £j 

<^n(x)^ ! 7/> = rr((^n(a;)f)®»7)=rr(^n(a;)e®»j) 

= - <^®7/,£; 7r (a;) >^ - <£®t],Pa(x) >=< Pa(x)Z,V > ■ 

On the other hand, the operators En(x) clearly verify ||£7n(ar)|| < ||a;||. Then ||P J 4(x)|| < 



7 Open problem: geodesies joining given endpoints 

In this section we consider the problem of finding a minimal curve in O joining two given 
endpoints. First let us remark that the answer is positive, at least locally, for the case p = 2. 
In this case O is a Riemann-Hilbert manifold, and therefore there exists a uniform radius 
R > such that any two elements xq,x% € O with d2{xo,x\) < R are joined by a unique 
minimal geodesic. 

For p > 2, it was shown in p] that if O — Op — {uPu* : u G U P (H)}, with P an infinite self- 
adjoint projection of B{TL) 1 then any two elements Pq, Pi are joined by a minimal geodesic, 
which is unique if 1 1 Po — Pi | < 1 . 

Let us state the following partial answer to this question. 

Proposition 7.1. Suppose that Q is finite dimensional. If xq,xi G O satisfy d p (xo,xi) < 
7r/4, then there exists a unique minimal curve joining them, which is of the form S(t) — e tz -xo, 
with z G Gxq ■ 

Proof. Since d p (xo,xi) < 7r/4, there exists a smooth curve -f(t) G O, t G [0,1] such that 
7(1) — Xi, i — 0, 1, and £(7) < 7r/4. Then by Proposition ^. 81 there exists a smooth isometric 
lift r(i) G PpCft) with r(0) = 1, T(l) = m and L P (T) = L(j). Note that w r x = a?i. Denote 
by <i the distance 

d = dp(l,uiG Xo ) = inf{d p (l,u) : w G u\G Xo ). 

Let w„ be a sequence in u\G XQ such that d p (l,z« n ) — > <i. Since Q is finite dimensional, 
there exists a convergent subsequence, which we still denote by w n , w n — > it;o- We may also 
suppose that d p (l,u; n ) < 7r/4 for all n. Note that d p (l,wo) < < 7r/4. In other 

words, wo achieves the distance between q and u\G Xo . By the convexity property of d p , it 
is unique: if vq is another element with d — d p (l,Vo), and /i(t) is the geodesic joining wq 
and i!o, since the map f p {t) = d p (l, [i(t)) p is strictly convex, it follows that ^0 = wq. Clearly 
there exists z G B p (H) a h such that ||z|| < 7r/4 and /z(t) = e* z is the minimal curve in U P (H) 
joining 1 and wq. Then it is apparent that 8(t) = e tz ■ xq is the unique minimal curve joining 
Xq and x\ in O. As shown before, the fact that wq is a critical point of the distance function, 
implies that z G Gx„ ■ □ 
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